The dynamics of a coherently driven two-level atom with parametric amplifier and coupled to a vacuum reservoir is analyzed. The combination of the master equation and the quantum Langevin equation is presented to study the quantum properties of light. By using these equations, we have determined the time evolution of the expectation values of the cavity mode and atomic operators. Moreover, with the aid of these results, the correlation properties of noise operators, and the large-time approximation scheme, we calculate the mean photon number, power spectrum, second-order correlation function, and quadrature variances for the cavitymode light and fluorescence. It is found that the half-width of the power spectrum for the fluorescent light in the presence of a parametric amplifier increases, while it decreases for the cavity-mode light. Moreover, we have found the probability for the atom to be in the upper level in the presence of a parametric amplifier.
Introduction
The interaction of radiation with atoms is one of the central problems in quantum optics. This kind of interaction is involved in various physical processes of interest such as resonance fluorescence and laser dynamics. In addition, the interaction of twolevel atoms with squeezed light has been extensively studied, as it exhibits interesting nonclassical features. Moreover, the effect of the squeezed light on the properties of the fluorescent light emitted by the two-level atom has attracted a great deal of interest [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . In this respect, a two-level atom embedded in a broadband squeezed vacuum has studied by Gardiner [1] , and it was found that the atomic polarization quadratures are phase-dependent. Moreover, in the case where the atom is immersed in a broadband squeezed vacuum and driven by coherent light, the fluorescence spectrum was studied by Carmichael et al. [2] .
The properties of the fluorescent light emitted by a two-level atom in a cavity driven by coherent light and coupled to a squeezed vacuum have been studied by several authors [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Some of these studies have shown that the width of the incoherent specc ○ T. ABEBE, N. GEMECHU, 2018 trum of the fluorescent light has been modified by the squeezed light. Furthermore, the composite system consisting of a two-level atom and a parametric amplifier has been considered by various authors. In addition, Jin and Xiao [13] showed that the presence of two-level atoms increases considerably the degree of squeezing of the light produced by a parametric oscillator. Moreover, Eyob [14] studied a coherently driven two-level atom inside a parametric oscillator operating below the threshold. He found that the presence of a parametric amplifier leads to an increase in the width of the power spectrum of the fluorescent light in the weak and strong driving light limits, and the effect of the presence of a parametric amplifier on the second-order correlation function is to enhance its decay rate.
In this paper, we will consider a degenerate parametric oscillator, whose cavity contains a two-level atom coupled with a vacuum reservoir.
In an optical parametric amplifier, the high frequency is called the pump, the lower frequency of primary interest is called the signal, and the remaining frequency is called the idler [15] . The interaction of the signal light, produced by a parametric amplifier, with the two-level atom leads to a generation of the fluorescent light. Thus, the cavity mode in this case consists of the signal light and the fluorescent light emitted by the two-level atom. Conversely, an optical parametric oscillator operating below the threshold is a typical source of the squeezed light. It is then quite interesting to study the effect of the squeezed light from a parametric oscillator on the quantum properties of the fluorescent light emitted by the two-level atom. We derive the equations of evolution for the expectation values of atomic and cavity mode operators, by using the master and quantum Langevin equations in the bad-cavity limit. Applying the resulting equations, we calculate the power spectrum and the second-order correlation function of the fluorescent light. Moreover, we determine the the mean photon number and the quadrature variance for cavity and fluorescence lights.
Equations of Evolution of Cavity Mode and Atomic Expectation Values
A single two-level atom inside a degenerate parametric oscillator coupled to a vacuum reservoir is considered (see Fig. 1 ). As is clearly indicated, the upper and lower levels of the atom are represented by | ⟩ and | ⟩. The cavity mode and the atomic transition are assumed to be at resonance. In a degenerate parametric oscillator, a pump photon of frequency 2 is down converted into a pair of highly correlated signal photons each of frequency [16] . It turns out that the signal light is in a squeezed state. With the pump mode treated classically, the parametric interaction and the interaction of the two-level atom with the cavity mode can be described by the Hamiltonian
in which , assumed to be real and constant, is proportional to the amplitude of the pump mode that drives the NLC (nonlinear cavity),^and^ † are, respectively, the creation and annihilation operators for the cavity mode, is the atom-cavity mode coupling constant, and^+ = | ⟩⟨ | and^− = | ⟩⟨ | are atomic operators satisfying the commutation re-
In studying the nonclassical features and the quantum properties of the generated radiation, it is essential to derive various correlations from the master equation. For the system under consideration, the master equation is obtained by substituting Eq. (1) into the relation [16] 
We get
where is a cavity damping constant. It is possible to obtain the equation of evolution for the cavity mode and atomic operators. To this end, applying Eq. (3) and the fact that
we can readily obtain
where = 4 2 / is the stimulated emission decay constant. On the basis of Eq. (7), we can writê
where^is a noise operator associated with a vacuum reservoir and having the following correlation properties:
Equations (11)- (14) represent the mean and correlation properties of the noise operator. It can be noted that Eqs. (5)- (9) are nonlinear coupled differential equations. Therefore, it is impossible to obtain exact solutions. Then one can obtain the approximate solutions of these equations in the badcavity limit. In this limit, the cavity damping constant is much greater than the cavity atomic decay rate ( ≫ ), and the cavity mode variables decay faster than the atomic variables. It is possible to set the time derivatives of the cavity mode variables equal to zero, while keeping the zero-order atomic and cavity mode variables at time . In view of this, Eq. (10) yieldŝ
By substituting this result into (5) and (6) and taking the expectation value of the resulting equations, one can easily establish that
where
Equation (16) has a well-behaved solution provided that > 0, if / < 1/2. Then it is easily seen that the threshold condition for the parametric oscillator is / = 1/2. The correlation properties between a noise operator and an atomic operator that appear in Eqs. (16) and (17) are found to be
Using the relation ⟨^+^−⟩ = (⟨^⟩ + 1)/2 and in view of the fact that ⟨^−⟩ * = ⟨^+⟩ and ⟨^⟩ * = ⟨^⟩, it can be verified that
in which
is the cavity atomic decay rate, and = 4 2 / is the stimulated emission decay constant in the absence of a nonlinear crystal, = 0. Moreover, the presence of a nonlinear crystal enhances the cavity atomic decay rate from to Γ.
Power Spectrum
In this section, the analysis of the power spectrum of the fluorescent light and the cavity light are presented.
The power spectrum of the fluorescent light
The power spectrum of the fluorescent light can be expressed in terms of the atomic operators as
To obtain the value ⟨^+( )^−( + )⟩ expressed in Eq. (28), it is necessary to introduce the new variables
One can easily show that
where ± = Γ( 
It then follows that
In view of Eq. (29), one can write Eq. (32) as
Applying the quantum regression theorem to Eq. (33), one obtains
The two-time correlation function takes, at a steady state, the form
in which 
It is clearly indicated by Eq. (37) that the halfwidths of the two Lorentzians are + and − . Thus, Fig. 2 shows that the power spectrum of the fluorescent light has a single peak centered at = 0. The power spectrum in the absence and presence of a parametric amplifier can be observed in Fig. 2 . This figure shows that the presence of a parametric amplifier leads to an increase in the width of the spectrum. For instance, in the absence of a parametric amplifier, the half-width is found to be 0.005, and it increases from 0.008 to 0.028, when / increases from 0.20 to 0.40.
Power spectrum of the cavity mode
The power spectrum of the cavity mode can be expressed as
Following a similar procedure that described for the power spectrum of the fluorescent light, the steadystate expectation value of the two-time correlation function that appears in Eq. (38) is found to be where ± = ( 1 2 ± ). After performing the integration, it is possible to get
Since the expression for the spectrum does not contain , the presence of a two-level atom does not affect the width of this spectrum. In Fig. 3 , the power spectrum is shown in the absence and presence of a parametric amplifier. In this figure, the plots present the power spectrum of the cavity mode versus / for different values of / . It is found that the presence of a parametric amplifier decreases the width of the power spectrum, as / increases. Moreover, comparing the results shown in Figs. 2 and 3 indicates that the half-width of the power spectrum of the fluorescent light in the presence of a parametric amplifier increases, while it decreses for the cavity light.
Normalized Second-Order Correlation Function of the Fluorescent Light
In this section, the effect of a parametric amplifier on the intensity-intensity correlation function of the fluorescent light is determined. The normalized secondorder correlation function can be expressed in terms of the atomic operators as
We recall that
Taking the formal solution of this expression and performing the integration, one can readily show that
Hence, making use of Eq. (43), it is possible to express
Applying the quantum regression theorem to Eq. (44), one can write
In view of this result and Eq. (36), the second-order correlation function takes, in a steady state, the form
It is of interest to analyze the second-order correlation function in the presence and absence of a parametric amplifier, as it exhibits different features in each case. One can observe from the above equation that (2) (0) = 0 and, for > 0, (2) ( ) > 0. Therefore, for > 0, the second-order correlation function (2) ( ) > (2) (0). This shows that the fluorescent light exhibits the phenomenon of photon antibunching. This is due to the fact that a two-level atom cannot emit two or more photons simultaneously. After each emission, the atom returns to the lower level and must absorb a photon before another emission can take place. Moreover, the photons have a tendency to arrive at a detector separately rather than in pair. It can also be seen from Fig. 4 that, for relatively small values of , the second-order correlation function is less than unity, which reflects the nonclassical feature of antibunching. One can also observe that, as / increases, (2) ( ) approaches unity at a faster rate. It is also interesting to consider the dynamics of the two-level atom. Moreover, it is not difficult to realize that the second-order correlation function approaches unity as the degree of squeezing increases. The fact that (2) ( ) is less than unity reflects the nonclassical feature of antibunching.
On the other hand, it is also interesting to study the dynamics of the two-level atom. Thus, by replacing + by and by 0 in Eq. (44), we get
Employing the relations
together with Eq. (44), the probability for the twolevel atom to be on the upper level is found to be
where ( ) = ⟨^+( )^−( )⟩ is the probability for the atom to be on the upper level. If the atom is initially on the upper level, then (0) = 1. Hence, one can write Eq. (48) in the form
which takes, in a steady state, the form
It can also be seen from Fig. 5 that the probability for the atom to be on the upper level decays exponentially in the absence of a parametric amplifier and approaches to zero in a steady state. However, in the presence of a parametric amplifier, the probability for the atom to be on the upper level is different from zero. This is because there are photons in the cavity that can be absorbed by the atom.
Quadrature Variances and Mean Photon Number
It is a well-established matter that the squeezing properties of a single-mode cavity radiation can be described in terms of the quadrature operatorŝ 
With the aid of Eqs. (8) and (9), it is possible to see that
It is clear that the first term in Eq. (55) represents the mean photon number of the signal light, when = 0, whereas the second term gives the mean number of absorbed signal photons, and the remaining one represents the mean number of photons emitted by the two-level atom (when ̸ = 0). Adding the last two terms, we see that
In this result, the second term is negative due to a higher mean number of photons absorbed by the two-level atom as compared with the mean number of photons emitted by the atom. From whence, we can find the mean number of of photons emitted by the two-level atom (called fluorescent light). This is described as
Now in view of Eq. (54), the quadrature variance takes the form
Taking Eq. (55) into account, the quadrature variance of the cavity radiation can be written as
We note that the cavity mode is in a squeezed state, and the squeezing occurs in the minus quadrature. In  Fig. 6 , the plot indicates that the cavity mode is in a squeezed state, and the degree of squeezing increases in the presence of a parametric amplifier. A highly correlated pairs of photons of a signal light are responsible for the squeezing of this light. A decrease in the degree of squeezing of the signal light is due to the loss of correlations between signal photon pairs, when the atom absorbs a single photon. The quadrature variances of fluorescent light is found to be
From expression (60), we conclude that the fluorescent light is in a squeezed state, and the squeezing occurs in the minus quadrature. Figure 7 indicates that the degree of squeezing of the fluorescent light is very small.
Conclusion
The quantum properties of a two-level atom inside a degenerate parametric oscillator, when the cavity is coupled to a vacuum reservoir, are thoroughly analyzed. Employing the master equation for the system under consideration and the quantum Langevin equation, the time evolution of the expectation values of the cavity mode and atomic operators in the badcavity limit are obtained. Moreover, using these results, the power spectrum and the second-order correlation function of the fluorescent light emitted by the two-level atom are obtained. In addition, the mean photon number and the quadrature squeezing for the cavity mode and for fluorescent light are determined. It is found that the presence of a parametric amplifier leads to an increase in the width of the power spectrum of the fluorescent light. On the other hand, the presence of a parametric amplifier decreases the width of the power spectrum of the cavity mode. In addition, the photons in the fluorescent light are antibunched, as always the case. The effect of the presence of a parametric amplifier on the second-order correlation function is to enhance its decay rate. Furthermore, the presence of a parametric amplifier enhances the probability for the atom to be on the upper level. It is observed that the cavity mode is in a squeezed state, and the squeezing occurs in the minus quadrature.
